ABSTRACT: A new dynamic SU(3)-structure solution in type-IIA is found by T-dualising a deformation of the Maldacena-Nastase solution along an SU(2) isometry. It is argued that this is dual to a quiver gauge theory with multiple Chern-Simons levels. A clear way of defining Chern-Simons levels in terms of Page charges is presented, which is also used to define a Chern-Simons term for the G 2 -structure analogue of Klebanov-Strassler, providing evidence of a cascade in both the ranks and levels of the dual quiver.
Introduction
Almost from its conception, supergravity solution generating techniques have played an important role in the gauge/gravity correspondence. An early example is the method by which one can lift a lower dimensional gauged supergravity to a full solution of type-II supergravity in 10-d. In [1] such a lift was performed on the 5-d solution of [2] . The resulting 10-d solution was identified as a holographic dual of N = 1 SYM in 3-d with gauge group SU(N c ) and Chern-Simons level k = N c /2 by Maldacena and Nastase [3] , after whom the solution is usually named.
The Maldacena-Nastase solution consists of wrapped D5-branes wrapping a 3-cycle in a manifold that supports a G 2 -structure. The field theory living on the world volume of these branes is only effectively 3-d in the IR and so the geometry is only a good description of the low energy dynamics of SYM in 3-d. A UV completion is provided by another solution generating technique, G 2 -structure rotation [5] , which is analogous to U-duality. This acts on the S-dual of a deformation of the Maldacena and Nastase solution [4] and maps it to a geometry supporting D2 and fractional D2 branes that asymptotes to AdS 4 × Y in the UV and is the G 2 analogue of the baryonic branch of Klebanov-Strassler [32] . The compact metric Y has finite volume in the UV and so the fractional branes which wrap cycles in Y remain effectively 3-d in the whole geometry. A gauge theory analysis of the G 2 -structure rotated solution was performed in [6] which suggested that the dual QFT was likely a confining 2 node quiver with a Chern-Simons term that dominates the IR dynamics and a conformal fixed point in the UV. This clearly presents an improvement on the UV behaviour of the geometry and coupled with the possibility of a duality cascade by analogy with Klebanov-Strassler, indicates that the dual field theory is potentially very interesting.
The main focus of this work will be to apply a different solution generating technique, non-abelian T-duality, to the deformed Maldacena and Nastase solution. Dualising supergravity solutions along non-abelian isometries is actually quite an old idea [7] . However it is only quite recently that it was realised how to dualise geometries supporting a nontrivial RR sector in [8] with refinements given by [9, 10] . This was of course a necessary step before the duality could have much utility in the gauge/gravity correspondence. Most attention has been focused on dualising along SU (2) isometries, because they are quite simple and it has been explicitly shown (for a quite general ansatz) that they are always a map between SuGra solutions [11] . This has already bore some quite interesting results, for example a new AdS 6 solution was generated in type-IIB [13] , which promises to shed some light on CFT'S in 5-d. Attention has also been focused on performing SU (2) T-dualities on type-IIB conifold solutions [14, 15] , with the aim of generating new type-IIA solutions that give holographic descriptions of confining 4-d gauge theories. The supersymmetric solution on the conifold support an SU(3)-structure and it was shown in [16] (see also [17] ) that their non-abelian T-dual geometries must support an SU(2)-structure if SUSY is preserved. This was an important step towards understanding the duality in terms of generalised geometry [18] , which has been of considerable help in the context of holography and gives an explicit check of SUSY preservation by the duality. In addition to this though, SU(2)-structure backgrounds are not that common and so a method of generating them should led to greater insight of their general construction.
In this work a new type-IIA SuGra solution, dual to a confining gauge theory in 3-d, is generated by performing a T-duality along one of the SU (2) isometries of the deformed Maldacena-Nastase solution [4] . This new solution preserves N = 1 SUSY in the form of a dynamic SU(3)-structure in 7-d [28, 29] . Some details of the G 2 -structure rotation [5] are also given so that the two solutions may be compared. This also includes a new proposal for the Chern-Simons term of the G 2 -structure rotation in term of a probe D8 brane with the level given by the D6 Page charge, such a proposal is not present in literature. The gauge theory dual to the T-dual geometry is analysed and compared to that of the original wrapped D5 brane and G 2 -structure rotated solutions. A more specific outline is as follows:
In section 2 the deformation of the Maldacena-Nastase solution is briefly reviewed. Details of the metric and RR sector ansatz and G 2 -structure SUSY equations are all presented. SUSY preserving semi-analytic solutions of the ansatz are given that are characterised by either a UV constant or UV linear dilaton. And finally some cycles and charges that will be of relevance to the field theoretic description are introduced.
Section 3 gives some details of the solution generating technique G 2 -structure rota-tion and presents the result of applying this to the deformed Maldacena-Nastase solution. Some details of the rotated G 2 -structure SUSY conditions are given and cycles and Page charges, that will be of interest in penultimate section, are introduced. Section 4 is where the new results begin, the reader familiar with the salient features of the Maldacena-Nastase solution and its G 2 -structure rotation may wish to start here. The section begins with a brief review of non-abelian T-duality on SU(2)-isometries before the dual geometry is presented in as concise way as possible. After this attention is turned to the generalised geometric description of the dual soluition. It is shown that the dual structure is dynamic SU(3) in 7-d which is characterised by a non-constant angle between the two 10-d MW Killing spinors of type-IIA. Finally some cycles and Page charges are introduced that will be important in the field theory analysis.
Section 5 contains a field theory analysis of each of the solutions presented in the previous sections. The analysis of the deformed Maldacena-Nastase and its G 2 -structure rotation is mostly a review of what can be found in [3, 4, 6, 35] although additional clarifications are made. In particular further details of a Seiberg like duality in the G 2 -structure rotated solution are given and how this effects the Chern-Simons level, the proposal for which is new. The analysis of the T-dual geometry suggests that it is dual to a confining Chern-Simons like gauge theory that is potentially a 3-node quiver.
The work is finally closed with concluding remarks and an outlook in section 6
2 Wrapped D5 Branes on Σ 3
The Maldacena-Nastase solution [3] is a solution of type-IIB (first presented in [1] ) that consists of D5 branes wrapping a 3-cycle in a G 2 -structure manifold and is dual in the IR to N = 1 SYM in 3-d. The purpose of this section is to review its deformation due to Canoura, Merlatti and Ramallo [4] , as this constitutes more general ansatz to a set of wrapped D5 brane solutions [4-6, 35, 36] which contain the Maldacena-Nastase solution as a special case 1 . The string frame metric is given by:
where the internal part of the metric, ds 2 7 , describes a manifold supporting a G 2 -structure and is given by
The functions g, h, w and the dilaton φ all depend on the holographic coordinate r only. σ i and ω i are 2 sets of SU(2) left invariant 1-forms which satisfy the following differential relations:
These can be represented by introducing 3 angles for σ i , (θ 1 , φ 1 , ψ 1 ) and a further 3 for ω i , (θ 2 , φ 2 , ψ 2 ) such that:
and similarly for ω i . The angles are defined over the ranges: 0 ≤ θ 1,2 ≤ π, 0 ≤ φ 1,2 < 2π and 0 ≤ ψ 1,2 < 4π. The solution has a non-trivial RR 3-form:
which satisfies the simple Bianchi identity
This solution preserves N = 1 SUSY in 3-d, which is 2 real supercharges. This can be expressed in terms of the following differential constraints on an associative 3-form Φ 3 :
where A = φ/2. Generically the 3-form Φ 3 may be expressed in terms of an auxiliary SU(3)-structure as [19] :
a convenient set of vielbeins for the metric are given by
with respect to which auxiliary SU(3)-structure of the deformed Maldacena-Nastase back-ground can be expressed as [5, 20] :
where α depends on r. Plugging eq 2.10 into eq 2.7 gives rise to a set of first order differential equations that are presented, for example, in appendix A of [6] 2 . The solution of these equations is only known semi analytically in the IR and UV, but it is possible to numerically interpolate between these two sets of series solutions.
In the IR where r ∼ 0 the solution is regular and is given by
(2.11)
Notice that g 0 = 1 seems to be special, the solution to e 2g truncates and γ = w, indeed this persists to all orders in r. This is the Maldacena-Nastase solution, its UV expansion about r ∼ ∞ is characterised by an asymptotically linear dilaton e 2g = 1,
where the constant needs to be fine tuned to the value h 0 = − 3 2 so that the IR and UV numerically matched.
When g 0 > 1 the solution is a deformation of Maldacena-Nastase characterised by an 2 There a flavour brane profile P(r) is also considered which should be set to zero when there are no sources. at higher orders polynomial terms also appear and a sub expansion in odd powers of e −2r/3 has been set to zero [6] . The UV constant c must be tuned for specific choices of the IR constant g 0 such that the series solutions may be smoothly connected numerically.
It is possible to show that the flux equation of motion
is satisfied once eq 2.7 is imposed and likewise are Einstein's equations and the dilaton equation of motion. The last line of eq 2.7 gives a definition of the potential C 6 such that dC 6 = F 7 :
There are several important 3-cycles in the geometry which are related to gauge theory observables that shall be discussed at length in section 5 , these are:
The induced metrics on S 3 andS 3 are non-vanishing in the whole geometry and are thus suitable for defining flux quantisation. The integrals of F 3 on these cycles give respectively If one dimensionally reduces the M-theory solution of [28] one is left with a G 2 -structure solution in type-IIA. Its string frame metric is:
whereφ is the dilaton and dŝ 2 7 is any G 2 -structure manifold. The condition that N = 1 SUSY is preserved can be expressed as the following differential relations between the fluxes, the 3-formΦ 3 and a phase ζ:
The central observation of Gaillard and Martelli was that if one sets ζ = 0 eq 3.2 truncates to the S-dual of eq 2.7, that is:
and the metric is simply
Any solution of this simplified system will also be a solution of eq 3.2 when the following identifications are made:
where κ 1 and κ 2 are integration constants and φ (0) must be bounded to satisfy the last equation.
It is possible to perform a rotation of the deformed Maldacena-Nastase solution, detailed in the last section, once an S-duality has been performed on it. This sends
so that the resulting metric is unwarped. Specifically it is the solution with UV given by eq 2.13 that is suitable for this as the dilaton is bounded. The 3-form, Φ
3 is still given by eq 2.8 but with the auxiliary SU(3)-structure of eq 2.10 with no dilaton factor
As the solution is now in the common type-II NS sector it can be viewed as a type-IIA theory, as required by the rotation. The interested reader is referred to [5] for further details of the solution generating algorithm.
The rotated solution has a warped metric and modified dilaton, which after fixing the integration constants and rescaling the field theory coordinates may be expressed as:
whereφ is the new dilaton, φ ∞ is the UV value of φ (0) and c is a constant which appears in the UV series solutions to the BPS equations [6] , but which will not play an important role here. The metric in string frame tends in the UV towards AdS 4 × Y where Y is the metric at the base of a G 2 -cone, however the dilaton is not constant, e 2φ ∼ e −8r/3 , and so the solution does not enjoy full conformal symmetry.
The NS 3-form is unchanged but an RR 4-form has been generated:
these obey the Bianchi identities
and flux equations of motion
One can use eq 3.2 to define a canonical potential C 3 such that dC 3 = F 4
In [6] some cycles of interest were identified. Those that give flux quantisation are:
The Maxwell and Page charges [30] coincide for the NS5 brane (as they did for the D5 brane in the previous section). However the flux equation of motion for F 4 implies that this is not so for the D2 brane and it is only the Page charge that is quantised for this object. Define F 6 = − ⋆ F 4 , then the following charges are quantised.
(3.14)
Actually substituting eq 3.12 into the definition of Q D2 gives zero, but C 3 is not a gauge invariant quantity and this gives rise to non-zero integers under the large gauge transformation. Let Q D2 = M c then consider the large gauge transformation C 3 → C 3 + ∆C 3 where
This will shift the Page charge as
Another cycle with interesting properties is the 2-cycle at constant r:
On this cycle F 4 vanish and the induced metric
has vanishing volume in the IR and constant volume in the UV.
Solution Generating Technique II: non-Abelian T-duality
It was relatively recently that a method of performing T-duality on non-abelian isometries was realised for backgrounds with non-zero RR fluxes [8] . This has been the focus of some study in recent years [9, 10, [13] [14] [15] [16] with the aim of utilising the duality as a SuGra solution generating technique in the context of the gauge-gravity correspondence.
The purpose of this section is to present the first non-abelian T-dual of a background with minimal SUSY in 3-d, specifically a dual of deformed Maldacena-Nastase along an SU(2) isometry. First however the duality procedure shall be briefly reviewed.
A Concise Review
A general prescription for performing an SU(2) non-abelian T-duality is presented in [15] , with more generic isometries considered in [9] . Here the more salient details of the SU(2) isometry case will be laid out.
A generic metric and NS 2-form of a background containing an SU(2) isometry are
where L i are SU(2) left invariant 1-forms parametrised by Euler angles θ, ϕ, ψ, along which the duality is performed and µ = 0, 1, ...6 are spectator coordinates. The dilaton is φ which can depend on any of the spectator coordinates. A basis of vielbeins for such a solution can be written as
where A = 0, 1, ..., 6 and a = 1, 2, 3.
The NS sector defines a sigma model with action given by
where
The T-dual sigma model can then be calculated by performing a Buscher procedure. This consists of gauging the SU(2) isometry and adding a Lagrange multiplier term to impose flatness of the connection. After the multiplier term is integrated by parts the gauge fields can be solved for which gives the T-dual sigma model. At this point there are actually 3 more coordinates than required, namely (θ, ϕ, ψ, v 1 , v 2 , v 3 ), the redundancy must be elim-inated by choosing a gauge. This may be parametrised by the matrix
The action of the T-dual sigma model can be written as
and the Buscher rules defining the dual NS sector may be read off from
where the dual dilaton and the matrix M are given by
The RR sector is calculated in a different way. It is possible to define both left and right moving dual vielbeins
But because they both define the same geometry these vielbeins must be equivalent up to a Lorentz transformations. Indeed they are and the transformation may be expressed as:
this may then be used to define an action on spinors given by a matrix Ω by demanding that
After some work, the details of which may be found in [15] , it can be shown that the solution to this constraint is given by
This gives the object needed to generate the dual RR sector. One constructs polyforms out of the RR fields of both type IIA and IIB SuGra
where higher forms are related to lower forms via F n = (−1) Int[n/2] ⋆ F 10−n . These are then mapped to bispinors under the Clifford map:
where it is possible to make the identification
from which the dual RR sector may be extracted.
One should realise that the method laid out in this section is not the only one that may be used to generate the NS and RR sectors of a non-abelian T-dual solution. An alternative is to use a consistent truncation to 7-d and match the original solutions there [10] . Another interesting method is given by [12] where topological defects that generate the duality are constructed. This later method guarantees the Bianchi identities, but has not yet been shown to match the other methods in all cases. Finally this section has only discussed the dualising along SU(2) isometries acting without isotropy, for more general isometries the interested reader is referred to [9] .
non-Abelian T-dual of wrapped D5 branes on Σ 3
In this section a non-abelian T-duality is performed on the wrapped D5 brane solution of section 2. It acts along the SU(2) isometry parametrised by ω i and gauge fixing is imposed such that:
The dual NS sector is by, 19) for the dual dilaton Φ,
for the NS two-form potential and
for the dual metric. The new hatted 1-forms are simply a rotation in σ 1 ,σ 2 :
that enables compact expressions.
The RR sector of the solution is rich including a quantised F 0 meaning that the solution is massive type-IIA. In order to express them compactly it is helpful to introduce the following basis of spectator vielbeins 
which is a rotation of the rather complicated vielbeins generated by the duality procedure. The fluxes are then:
; where the functions
were introduced for convenience. Its interesting to see that F 4 has legs on the field theory directions. This tells us that, like the non-abelian T-dual of wrapped D5 branes on S 2 [15] , the RR sector contains magnetic fluxes of D8, D6 and D4 branes, but here there is also an electric flux of D2 branes.
It is simple to check that the RR fluxes automatically satisfy the Bianchi identities
The flux equations of motion
as well as Einsteins equations and the dilaton equation of motion all follow once eq 2.7 is imposed. One may also confirm that NS flux obeys
Supersymmetry
In this section the issue of how much SUSY the non-abelian T-dual background preserves is addressed. There is a simple criterium which determines this, which is detailed in [8, 15] . One needs to consider the Kosmann derivative along each of the Killing vectors k associated with the isometry on which one wishes to dualise. This acts on the Killing spinors of the initial solution ǫ and is given by
D µ is the spinor covariant derivative while ∇ µ is the ordinary covariant derivative of the geometry. The Kosmann derivative should vanish along the isometry of the dualisation. Each additional projective constraints that needed to be imposed to ensure this reduces the SUSY of the non-abelian T-dual by half. If no new constraints are required then all the SUSY of the original background is preserved.
The Killing vectors associated with the relevant SU(2) isometry of the metric eq 2.1 are,
and it is possible to show that
where ǫ only depends on r (Appendix B of [4] provides further details). Thus one expects the non-abelian T-dual of wrapped D5 branes on Σ 3 to preserve N = 1 SUSY. A more explicit check that SUSY is preserved was provided by [16] , which shows how non-abelian T-duality acts on the g-structure of the original geometry. The original geometry supports a G 2 -structure, which is characterised by parallel ǫ 1 and ǫ 2 in ǫ = (ǫ 1 , ǫ 2 ) T . The SUSY conditions of the G 2 may be written in terms 2 real 7-d bispinors [19] 
that obey the conditions [20] < The relevant observation of [16] is that non-abelian T-duality acts on the bispinors of the geometry as/
it is possible to show (in Mathematica) that eq. 4.34 is satisfied with Ψ 1,2 =Ψ −,+ and F and H 3 given by eq 4.25 and eq 4.20 respectively, which shows that N = 1 SUSY is preserved. The action of non-abelian T-dual on the 10-d MW Killing spinors is:
which is a rotation. Since the G 2 -structure of the original geometry requires that the spinors are parallel, the dual structure must be something more exotic. To identify the structure of the dual geometry it is sufficient to calculate how the Ω matrix transforms the G 2 -structure spinors. There exists a basis 4 such that the projections the original killing spinor obeys are given by
One may decompose the 10-d geometry into a 3+7 split using an auxiliary 2-d space so that the gamma matrices are given by
where µ = 0, 1, 3 and a = 1, 2, 3,1,2,3. The killing spinor may be decomposed such that they have positive chirality as
where ξ and χ are spinors in 3-d and 7-d respectively. In such conventions the 3 form associated to G 2 is then given by Φ abc = −iχγ abc χ. It is possible to show that in this decomposition the T-dual Killing spinors are given bỹ
which have the correct chirality for type-IIA. Using the projections of eq 4.37 the 7-d spinors may be massaged into the form
where ζ 2 = ζ a ζ a ans ζ a is given by eq 4.14. As the notation suggestsχ 2 is a sum of parts which are parallel and orthogonal toχ 1 . The orthogonal complement to χ is . This is because the coefficients of χ and χ ⊥ are not constant through out the space, in fact sin α → 0 as r → ∞ so the structure becomes orthogonal SU(3) in the UV, but through out the whole space the coefficients change. The details of this calculation and presentation of all the forms associated with SU(3) shall be left for forthcoming work.
Cycles and Charges
The T-dual geometry supports many fluxes and so contains several different branes. Since the internal space in 7-d, the possible quantised charges are given by
(4.43) 5 The contraction should be performed once the vielbeins have been rotated to the canonical frame of footnote 4 Sensible cycles over which to define these quantities arẽ
(4.44) ActuallyΣ 2 shrinks to zero in the IR, but as F 2 and B 2 vanish on this cycle this will not cause a singularity in the geometry as a non-zero Page charge must be pure gauge in origin. On these cycles eq. 4.43 takes the simple form:
Q D6 = 0 up to large gauge transformations,
(4.45)
to make further progress one needs to fix the periods of the dual coordinates v 2 , v 3 . A rigorous prescription for doing this is absent form the literature, but it is at least reasonable to assume that they are compact. Here the periodicities shall be chosen such that
with these choices the D2 and D4 Page charges coincide with the Romans mass,
since these objects contain explicit B 2 terms in their definitions they can experience quantised shifts under large gauge transformations B 2 → B 2 + ∆B 2 . For example which has the same asymptotic behaviour as the previous cycle.
Probe Analysis and Comparison of the Gauge Theories
In this section some field theory observables shall be studied via a probe brane analysis. To begin, the results of [4] and [6] shall be reviewed to study the field theories dual to the wrapped D5-brane solution and its G 2 -structure rotation respectively. A new proposal for the Chern-Simons level of G 2 -structure rotated solution will be made before the nonabelian T-dual solution is considered. The analysis of this section will rely on two important observations. They give a prescription for defining gauge couplings and Chern-Simons levels from probe branes.
Gauge Coupling
A gauge coupling may be defined in terms of the DBI action of a probe Dp brane wrapping an n-cycle, where the embedding of this brane is ξ = (t, x 1 , x 2 , Σ n ). In the following it shall be assumed that the induced metric can be expressed as
where its componentsĜ M,N are decomposed as M = (µ, a) for µ = 0, 1, 2 and a = 1, ..., p − 2. In addition the only non-zero part of the world volume gauge field F and pull back of B 2 will be
and the dilaton shall be φ. The DBI action of this probe Dp brane may be factorised into R 1,2 and Σ p−2 parts
One may then expand the R 1,2 determinant for small values of α ′ , which leads to
where indices have been suppressed. tr(η −1 Fη −1 F) ≡ F µν F µν is the standard object appearing the in YM action
and so one may relate the α ′ 2 term in the expansion of eq 5.3 to this coupling which leads to the identification
A second way one can define a gauge coupling is with a Euclidean Dp brane. The DBI action of such a brane will wrap a compact (p+1)-cycle Σ p+1 in the internal space and is given by
This can be identified with the action of an instanton
Thus for a Euclidean Dp brane can give a gauge coupling
In 4-d one would also include the WZ term to define a Θ angle. However the ideas behind this do not necessarily extend to 3-d so this term will be ignored here.
Chern-Simons level
A Chern-Simons level can be be extracted from the WZ action of a Dp brane with embedding ξ = (t, x 1 , x 2 , Σ n ) in a similar fashion. The exact prescription is dependent on what conventions are being used. For instance in conventions such that the RR ployform may be expressed as
where C is the sum over the potentials of type-IIA or type-IIB (Additionally F 0 should be taken to be zero in this case). Define also the Page charge of D(10-p) brane on a (p − 2)-cycle Σ (p−2) to be
where −F 0 ensures that the D8 brane Page charge, which is really a mass is not included. The orientation of the cycle is parametrised by s (10−p) = ±1. Finally the WZ action of a Dp-brane shall be given by
where the action is allowed to come with an overall positive or negative sign, i,e. s ′ p = ±1. A Chern-Simons term in a gauge theory is given by the action
where A is a gauge field with field strength F = dA + A ∧ A and so dL CS = F ∧ F. The order F ∧ F term in 5.12 may be manipulated by adding an exact to give a Chern-Simons term,
where the +/− sign is for IIA/IIB. The Chern-Simons term is then given by
where s ′ p s 10−p = −1 and 2κ 2 10 T p T 10−p = (2π) −3 have been used. This shows quite generally that the WZ action of a Dp brane contains a Chern-Simons coupling of level Q 10−p . Actually this is not the whole story as the true Chern-Simons level can experience an additional shift when all the p-dimensional KK modes are integrated out. Extra care must be taken when different conventions are used, indeed this is the case in the G 2 -structure rotated solution, where further details will be given.
Wrapped D5 Branes and N = 1 SYM with Gauge Group SU(N c ) Nc
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The solution of wrapped D5 Branes on Σ 3 is dual in the IR to N = 1 SYM in 3 dimensions. It contains N c color branes as can be seen from the flux quantisation condition
so the gauge group is SU(N c ). The geometry only gives a good holographic description of a field theory in 3-d in the IR where r ∼ 0. This is because Σ 3 vanishes in the IR and the QFT living on the wrapped D5 branes is effectively 3 dimensional there, however in the UV the cycle blows up and the world volume is explicitly 6 dimensional.
A suitable definition of the gauge coupling is given by a probe D5-brane extended along Minkowski and wrapping Σ 3 . Once a gauge field F with legs in the Minkowski directions is turned on, the action of such a brane is given by which gives a coupling of mass dimension 1, as it should have in 3-d. The RHS of eq. 5.20 blows up in the UV and vanishes in the UV, which is consistent with the asymptotic freedom and confinement on expects of SYM in 3-d. The second of these is further supported by a Wilson loop calculation as in [4, 35] , which gives an area law with string tension
One can also calculate the Chern-Simons level from a probe brane. Consider a D5-brane extended along Minkowski and wrapping S 3 , the WZ action of such a brane is
where F is once more a world volume gauge field with legs in the field theory directions.
Integrating the second term in this action by parts gives the Chern-Simons action [3] 
where k 6 = N c . There is no g s or α ′ factors because they cancel with those in F 3 once they are reimposed. The k 6 here is to distinguish this object from the true CS level k which gets an extra contribution when one integrates out all the 6-d Kaluza Klein modes 6 . The Chern-Simons level is then
which is half integer as one expects due to the parity anomaly in 3-d. The wrapped D5-brane solution has two distinct UV solutions characterised by an asymptotically linear and constant dilaton, i.e. eq 2.12 and eq 2.13. The field theoretic interpretation for this is that the constant dilaton solutions have an irrelevant operator insertion in their Lagrangian.
The G 2 -structure Rotation and a 2-node Quiver Chern-Simons Theory
In [6] much of the gauge theory analysis of the G 2 -structure rotated solution was performed. It was concluded that the gauge group was that of a 2 node quiver of the form SU(r l ) × SU(r s ), where r l > r s , by analogy with the baryonic branch of Klebanov-Strassler. The objects that must give rise to the ranks of this product group are the Page charges of 6 Specifically this it is integrating the massive fermions that generates the shift [3] the D2 and NS5 branes. As explained at length in [33] , under a Seiberg duality the ranks of the gauge groups transform as r ′ l = r s and r ′ s = 2r s − r l . It is possible to see this manifestly in the supergravity solution if one defines
The Page charges on the LHS of these equalities transform under the large gauge transformation of eq 3.15 in precisely the same way as the ranks on the RHS do under a Seiberg duality. Thus large gauge transformations are equivalent to Seiberg duality. This along with the fact that there is a running integral of C 3 at infinity [6] is very suggestive of a duality cascade, once more by analogy with Klebanov-Strassler. It is reasonable then to propose that in the UV, where Q D2 = M c , the gauge group is SU(N c + M c ) × SU(M c ) and this then cascades down in ranks as one flow towards the IR terminating at SU(N c ) as Klebanov-Strassler does. It is possible to define two couplings for this quiver 7 , g 1 and g 2 in the same spirit as in the previous section. A probe D4 brane with (t, x 1 , x 2 ,Σ 2 ), withΣ 2 as in eq 3.16 defines a coupling
while a probe D2 brane extended in Minkowski can be used to define the coupling
where both of these couplings have mass dimension 1 as they should. The LHS of eq 5.25 vanishes at r ∼ 0 and becomes constant as r → ∞. This indicates that the coupling g 1 is consistent with confinement in the IR and dilation invariance in the UV. On the other hand the LHS of eq 5.26 interpolates between a smaller and larger constant between the IR and the UV respectively. In [6] the difference in the IR behaviour of g 2 was interpreted as a signal of a confining Chern-Simons term dominating the gauge theory dynamics there. This can be understood because in a YM-CS like theory the level k induces an effective mass for the gauge field, g 2 YM |k|, which causes the Yang-Mills coupling to freeze at a constant value in the IR. Further evidence of confinement is given by Wilson loop calculations which obey an area law with string tension σ = (c 1 − e 2(φ ∞ −φ 0 ) ) −1 . However a proposal for the Chern-Simons term which is claimed to be dominating the dynamics in the IR has been absent from the literature until now, the expression is provided below.
Indeed consider a probe D8 brane with embedding (t, x 1 , x 2 ,Σ 6 ) on which a world volume gauge field is turned on with support in the Minkowski direction, the order F ∧ F term of the WZ action of such a brane is
the integrand can be manipulated by adding an exact
where 3 and F ∧ F = dL CS have been used. Plugging this back into eq. 5.27 and taking note of the definition of the D2 Page charge in eq. 3.14 gives
thus if one takes into account the definitions of the ranks in eq 5.24, a Chern-Simons level can be defined which is equal to the rank of smaller group
Of course it is possible that the level will experience a shift when one integrates out the 8-d KK modes, therefore this result should be viewed as correct up to the possible effect of this subtlety. Clearlyk is not a fixed number from the perspective of supergravity, it shifts under large gauge transformations of C 3 , however it is always quantised as a ChernSimons level must be. In eq 5.29 only the positive orientation ofΣ 6 is considered, indeed it is possible to define another with the negative orientation, ie 
and so clearly any cascade in the ranks of the groups must be associated with a corresponding cascade in the Chern-Simons levels.
The G 2 -structure rotation acts on the SuGra solution that is dual to a QFT with an irrelevant operator that dominates the UV. The rotation induces additional warping on the metric by the function H which makes the new metric asymptotically AdS 4 , this means that the rotated solution no longer contains this operator. These warp factors also premultiply the internal space ds 2 7 and ensure that in the UV this remains finite. The field theory lives on the world volume of D2 and fractional D2 branes which do not unwrap like the D5 branes of the original solution, so the rotated solution gives a good holographic description of a 3-d gauge theory throughout the whole space. In this sense the rotation procedure can be seen as providing a UV completion to the original QFT dual to the wrapped D5 solution with asymptotically constant dilaton.
The non-Abelian T-dual: Probe Analysis
The geometry of the non-abelian T-dual of the wrapped D5 solution supports all possible fluxes. This fact and comparison to the rotated solution suggest that the field theory is a type of quiver. As discussed in section 4.4, it is possible to define several quantised charges once the periods of the dual coordinates v 2 and v 3 are fixed. Note however that the charges defined in eq 4.47 have a common √ 2 factor. This is an artefact of the conventions used in the dualisation procedure, it has no deep meaning and so it makes sense to make the redefinitionÑ
whereÑ c should now be thought of as integer valued. The Page charges supported by the dual geometry are then
This is enough charges to potentially define a 3 node quiver, but the identification of this quiver will not be pursued here, instead this section will focus only on probing the dynamics of the dual gauge theory. These probe calculation in the T-dual solution will be more complicated than the previous examples, for that reason the units as well as multiplicative constants in the couplings will be suppressed.
Like the rotated solution it is possible to define a coupling via a D2 brane parallel to the field theory coordinates. The dilaton, which is expressed in eq 4.19, depends on the dual coordinates that shall be set to constant values on the world volume of the brane. The simplest choice is that v 2 = v 3 = 0 for which the coupling is given by
where the brackets correspond to asymptotically Linear, Constant dilaton solutions. The coupling is constant for the linear dilaton solution however this is clearly not a sign of conformal invariance as the non-compact dual metric is not AdS 4 and the dilaton is not constant. The coupling for solutions with constant dilaton in the UV are more interesting, asymptotically it is free and increases as one flows towards the IR finally freezing at a constant at r = 0.
Another way to define a gauge coupling is a probe D4 brane with embedding (t, x 1 , x 2 ,Σ 2 ), where the induced metric is given by eq 4.49. B 2 as defined in eq 4.20 vanishes on this cycle, however non-vanishing contributions can be induced by large gauge transformations as in eq 4.48. Generically the F 2 contribution to the DBI action gives a coupling of the 
so the effect of the large gauge transformation is to freeze the coupling in the IR making n = 0 a special case.
A third coupling may be defined in terms of Euclidean D2 onS 3 . B 2 vanishes on this cycle up to the same large gauge transformations as before and the induced metric is given by eq 4.50 which leads to the coupling
this coupling is consistent with a strong coupling in the UV and asymptotic freedom in the IR. The effect of the large gauge transformation is less pronounced than it was forg 2 the behaviour in the IR is modified such that the power law changes, but the RHS of eq 5.40 still tends to zero in the IR. The confining behaviour of theg 3 coupling should come as no surprise, the field theory and holographic directions are the same in both the original and dual geometries and so the conclusion of confinement from the Wilson loop studies of [4, 35] transfer to this solution also. That all the coupling exhibit asymptotic freedom is tied up with the fact that the bad UV behaviour of the original geometry, fractional branes unwrapping in the UV, is not being fixed by the T-duality, the irrelevant operator of the asymptotically constant dilaton solution will also still be present. As the original wrapped D5 brane solution is dual to a gauge theory with a Chern-Simons term it is reasonable to expect that the non-abelian T-dual geometry will be dual to a theory that also contains this type of term. That the couplingsg 1 and (after a large gauge transformation)g 2 freeze out in the IR is certainly suggestive of a Chern-Simons term (or terms) that dominate the physics there.
At the beginning of this section it was shown that it is possible to define a ChernSimons level for each Page charge in the geometry. For the non-abelian T-dual solution this gives 3 possible definitions
up to possible shifts from integrating out all the massive KK modes. The n in the definition of k 3 comes from the large gauge transformation B 2 = n/2 sin θ 1 dθ 1 ∧ dϕ 1 . The Chern-Simons level defined in the wrapped D5-brane solution is calculated on the 3-cycle S 3 = (σ 1 , σ 2 , σ 3 ). This cycle is orthogonal to the directions on which the dualisation is performed and so must be mapped to a 4-cycle and 6-cycle. This accounts for k 1 and k 2 and suggests that the D8 and D6 branes may be probing the same gauge theory object. k 3 is unambiguously distinct, it is zero when B 2 is defined as in eq 4.20 but is shifted by large gauge transformation which is analogous to the Chern-Simons level of the G 2 -structure rotated solution. It is interesting to see that when k 3 = 0 the couplingsg 2 andg 3 behave quite differently than when it is not. Most pronounced is the effect on g 2 that exhibits typical confining behaviour when n = 0 but freezes in the IR becoming constant otherwise. This can be interpreted as a clear example of the effect a non-zero Chern-Simons term can have on a Yang-Mills coupling, see the discussion below eq 5.26.
Concluding Remarks
In this work the results of applying 2 solution generating techniques to the wrapped D5 solution of Maldacena and Nastase [3] (and its deformation [4] ) were studied, with the aim of better understanding the dual gauge theories that are generated.
The first technique, G 2 -structure rotation [5] , which is equivalent to U-duality, has an action on the field theories that is already quite well understood, partially due to explicit calculation [5, 6, 35, 36] and partially by analogy to its 6-d SU(3)-structure equivalent [22] [23] [24] [25] [26] [27] . The rotation acts on the wrapped D5 solution with asymptotically constant dilaton which is dual to a N = 1 SYM-CS in 3-d with an irrelevant operator insertion. After the rotation this operator is removed and the metric is asymptotically AdS 4 × Y, where Y has finite volume. It was shown in [5, 6] that the rotated geometry is dual to a 2-node quiver that very likely exhibits a duality cascade like the baryonic branch of Klebanov-Strassler [32] , due to similarities between the two solutions. One way in which the solutions differ is that the G 2 -structure rotated, being a holographic description of a 3-d QFT, can contain a Chern-Simons term. Evidence for this was given in [6] where, through a probe brane calculation, a YM coupling was shown to freeze in the IR. This was interpreted as a signal of a Chern-Simons term that was dominating the IR, but no proposal for the level of this theory was given. This is resolved in section 5.2 where it is shown that a probe D8 brane wrapping the whole compact part of the rotated G 2 -manifold, gives rise to a ChernSimons level which is equal to the D2 Page charge. Thus the putative duality cascade must be accompanied by a cascade in the Chern-Simons level, which is very interesting and deserves further study. This will be left for future study as the main purpose of introducing the rotated solution was to aid, by comparison, the understanding of the main focus of this work.
A non-abelian T-duality [7] [8] [9] [10] was performed on the SU(2) isometry parametrised by the left invariant 1-forms ω i of the deformed Maldacena-Nastase solution. The result of this is a rather complicated solution in massive type-IIA with all possible RR forms turned on. As the duality does not change the directions orthogonal to the isometry, it does not improve the asymptotic behaviour of the field theory directions and holographic coordinate as the rotation does, this of course was to be expected. It was possible to explicitly show that under the T-duality the G 2 -structure of the original solution is mapped to a dynamic SU(3)-structure in 7-d [28, 29] . This is the analogue of result of [16] where it was shown that the 6-d SU(3)-structure of Klebanov-Witten [37] is mapped to a static SU(2)-structure for the T-dual solution [14, 15] . Indeed the structure of the dual geometry considered here becomes static SU(3) in a limit in which, like Klebanov-Witten, there is no rotation in the projections of the original background (see Appendix A of [4] for details of the projections)
A rigorous prescription for fixing the periodicities of the dual coordinates is lacking. The view taken in this work was that the coordinates were at least likely to be compact. If this were not the case it would only be possible to define a D6 brane Page charge and this seems strange given the rich variety of fluxes. Periods were chosen for the dual coordinates such that Page charges for D2 and D4 branes could also be defined and such that these charges were equal. It is important to realise however that it should be possible to fix the periods of the dual coordinates by some requirement on the global properties of the dual manifold and that such a prescription may not match the choice made here. At any rate, it is unlikely that the specific choice would drastically change the salient features of the manifold so a probe analysis of the geometry was performed with periodicity thus fixed to gain some insight into the possible dual QFT.
That it is possible to define 3 Page charges suggests, by analogy with the rotated solution, that the dual gauge theory may be a 3 node quiver. However, unlike the rotated solution, it is possible in this case to define as many Chern-Simons terms as there are charges. The most interesting of these is the Chern-Simons term with level that coincided with the D6 Page charge k 3 . This experiences shifts under large gauge transformations of B 2 in much the same way as is true for the level in the rotated solution (albeit with that shift mediated by large gauge transformations of C 3 ). A new feature in the T-dual solution is that the large gauge transformation actually changes the IR behaviour of two of the couplings that can be defined, this is most pronounced for the couplingg 2 . When k 3 = 0 the coupling exhibits typical confining behaviour, it tends to infinity as when flows towards the IR. However when k 3 = 0 the coupling freezes in the IR, a sign that a confining Chern-Simons term is now dominating the dynamics this coupling is sensitive to. This constitutes a very clean example of such behaviour, and it is nice to see a familiar dynamical effect in this complicated SuGra solution. It is probable that this solution also experiences some shift in the ranks of gauge groups of the QFT and that it can perhaps be identified with a Seiberg/level-rank like duality, this will be left for future work.
The general outlook for non-abelian T-duality as a SuGra solution generating technique with applications to holography seems good. This work represents a concrete example where interesting dynamics are generated by the duality. Given the wide range of backgrounds that have an SU(2)-isometry, there must be much more of interest that can be generated in a similar way to what is shown here. It would however be desirable to have some general understanding of the effect on the gauge theories before one actually performs the dualisation, like one does for g-structure rotation. It would be interesting to add flavours to the dual background considered here in the spirit of [16] , where it is shown that one may flavour the dual solution by simply dualising the original solution with smeared flavours added. This would surely work and it would be interesting to see the effect this had on the Chern-Simons levels that are defined here. Flavour is added to the Maldacena-Nastase solution in [4, 35] . It would also be interesting to dualise the G 2 -structure rotated solution. The baryonic branch of Klebanov-Strassler requires a B 2 with a leg in the holographic coordinate r to give the correct H 3 , this term causes a strange mixing of r with the internal space in its non-abelian T-dual geometry which deforms the UV [15] . The B 2 of the G 2 -structure rotated solution is defined over the compact part of the internal manifold only and so the dual geometry would maintain the AdS 4 asymptotics, although the internal space may no longer be UV finite. The field theory dual to this would likely have some interesting properties.
